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For suitable integers p and k, letf(p, k) denote the maximum number of edges in 
a graph of orderp which has a unique k-factor. The values of f(p, k) are deter- 
mined for k = 2, p - 3. and p - 2 and the extremal graphs are determined. c\ 1984 
Academic Press, Inc. 
1. INTRODUCTION 
Graphs considered in this paper are finite, have no loops or multiple edges 
and, with one exception, are undirected. Any notation or terminology used 
here but not defined can be found in Ref. [2]. 
A k-factor of a graph G is a spanning subgraph of G in which every vertex 
has degree k (k > 1). Let p and k be integers with 1 < k <p - 1 and with 
p . k even. Delinef(p, k) to be the maximum number of edges in a graph of 
order p which has a unique k-factor. In Section 2, a result of 
G. Hetyei (see [4]) determining f(p, 1) is stated. In Sections 3 and 4, we 
determine the values of f(p, 2), f(p, p - 3), and f(p, p - 2) and in each 
case determine all the extremal graphs. In Section 5, we give lower bounds 
for the values off(p, k) for some other values of p and k. 
We use the following terminology: denote by V(G) and E(G), respectively, 
the vertex set and edge set of the graph G; the order of G is 1 V(G)]; a (p, q) 
graph has p vertices and q edges; if Xc V(G), then (X& denotes the 
subgraph of G induced by the vertices of X, and G - X is the graph obtained 
from G by deleting the vertices of X (and their incident edges); if D G E(G), 
then G -D is the graph obtained from G by deleting the edges of D; for 
rational number x, [x] denotes the greatest integer not greater than x. 
2. GRAPHS WITH A UNDIQUE ~-FACTOR 
The following result was proved by G. Hetyei [4, Corollary 1.61. 
THEOREM 1. For even p > 2, f  (p. 1) =p2/4. 
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It is also stated (without proof) in [4] that the graph L, which is described 
below is the only graph having p vertices, p2/4 edges, and a unique l-factor. 
The graph L, is defined inductively by L, g K, and, for even p > 4, 
LpzK,+(K,ULp-J. 
3. GRAPHS WITH A UNIQUE ~-FACTOR 
In this section we determine f(p, 2), that is, the maximum number of 
edges in a graph of orderp (23) which has a unique 2-factor and charac- 
terize the extremal graphs. If G is a graph with a unique 2-factor F and the 
cycles in F have lengths a,, a2 ,..., a,,,, arranged in nondecreasing order, then 
we will call the sequence (a,, a,,..., a,) the cycle sequence of G. (If F 
contains n k-cylces, then we will abbreviate the cycle sequence by writing k” 
instead of k n times). A hamiltonian cycle is, of course, a connected 2-factor, 
so the following result will be useful. 
THEOREM A [5]. The maximum number of edges in a graph of order 
p > 3 which has a unique hamiltonian cycle is [ p2/4] + 1. 
‘Moreover, the graph HP with vertex set {ui : 1 < i <p} and edge set 
{U(Vi+*: l<i<p}U{v,i-,Vj:2i<j<p, 1 Q i < [(p - WI 1, where 
V p+1= 019 is a (p, [p2/4] + 1) graph with a unique hamiltonian cycle. In 
fact, the argument used in [5] to establish this also shows that HP has no 2- 
factor other than its unique hamiltonian cycle. Therefore we have: 
LEMMA 1. The maximum number of edges in a hamiltonian graph of 
order p > 3 which has a unique 2-factor is [ p2/4] + 1. 
For 3 <p < 6, HP is the only extremal graph of Theorem A [ 1 ] and 
therefore the only extremal graph of Lemma 1. These graphs are shown in 
Fig. 1. 
THEOREM 2. For each p > 3,f(p, 2) < [p(p + 1)/4]. 
ProoJ Let G be a graph of orderp with a unique 2-factor F. We will 
show, by induction on the number m of cycles in F, that ]E(G)] < 
[p(p + 1)/4]. The result will then follow immediately. 
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If m = 1, then F is a hamiltonian cycle of G so, by Lemma 1, ]E(G)] ,< 
w/41 + 1 G MP + u/41 since p > 3. (Note that, if p > 7, then [p*/4] + 1 
is strictly less than [p(p + 1)/4].) 
Now suppose that m > 2 and that, if H is a graph of order r which has a 
unique 2-factor containing fewer than m cycles, then IE(H)l < [r(r + 1)/4]. 
Let C,, a cycle of length k, be any cycle in F. The edges of G are of 3 
types: (1) edges connecting two vertices of C,; (2) edges connecting two 
vertices not in C, ; (3) edges connecting vertices in C, to vertices not in C,. 
For i = 1, 2,3 let Ei denote the number of edges in G of type (i). We obtain 
upper bounds for E,, E,, and E,. Note that both (V(C,)), and G - V(C,) 
have a unique 2-factor and that the 2-factor of G - V(C,) contains m - 1 
cycles. C, is a hamiltonian cycle of (V(C,)), so, by Lemma 1, 
E, < [k*/4] + 1. (1) 
By the inductive hypothesis, 
E2G [(P--U-k+ lY41. (2) 
Let ui and ui+, be two adjacent vertices on C, and let uj and uj+, be two 
adjacent vertices on some other cycle of F. If both uiuj and Ui+ ,uj+, are 
edges of G then we can obtain a second 2-factor of G by deleting from F 
edges vivi+, and ujuj+, and replacing them by edges viuj and v~+~u~+,, a 
contradiction. Therefore, if vi is adjacent to d vertices not in C,, then vi+, is 
adjacent to at most p - k - d vertices not in C, . Hence together Vi and vi + , 
are connected by at most p - k edges to vertices not in C,. Considering all k 
pairs of adjacent vertices on C, and observing that E, is an integer, we have 
E, < [(P - k) WI. (3) 
Combining (l), (2), and (3) we have 
P(G)1 < lk*/41+ 1 + [(p - k)(p -k + I)/41 + [(p - k) WI. (4) 
It is routine and tedious to simplify the right-hand side of (4) so that (4) 
becomes 
lE(G)I < (P’ + P + x - k)/4, (5) 
where the value of x is given in Table I according to which residue classes 
(modulo 4) p and k belong. It can then be verified that, in each case, (5) 
implies that 1 E(G)/ < [ p(p + 1)/4]. Th is completes the inductive step and 
hence the proof. I 
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TABLE I 
~ k (mod 4) 
X 0 1 2 3 
0 4 1 2 -1 
1 2 3 4 1 
~(mod4) 2 2 -1 4 1 
3 4 1 2 3 
We devote the remainder of this section to showing that, for each p > 3, 
equality actually holds in the inequality of Theorem 2 and to describing all 
the graphs with a unique 2-factor which contain the maximum possible 
number of edges. Let YP denote the set of all (p, [p(p + 1)/4]) graphs which 
have a unique 2-factor. It will be convenient at this point to determine YP for 
small values of p. 
LEMMA 2. For 3 <p < 6, Yp = {H,}. 
Proof: Certainly, HP E rP for 3 <p < 6. Now suppose HE gp. If H is 
hamiltonian then, by the remark after Lemma 1, HE H,. If H is not 
hamiltonian then p = 6 and H has a unique 2-factor consisting of two 3- 
cycles. But it is simple to show that, in this event, H has at most 9 edges 
whereas [6(6 + 1)/4] = 10, a contradiction. [ 
Now suppose p 2 7 and that G E YP has 2-factor F. Since [p2/4] + 1 < 
[p(p + 1)/4] for p > 7, it follows from Lemma 1, that F must contain at 
least 2 cycles. Since G E %‘,, equality must hold in each of inequalities (1 ), 
(2), and (5). Several observations can now be made about the structure of G. 
(We use the notation of the proof of Theorem 2.) 
Observation A. By inequality (5), we must have [p(p + 1)/4] = 
(p' +P +x--P, where the values of x are given in Table I. This 
determines all possible values of k, the length of C, and, since C, was any 
cycle of F, it determines all possible lengths of cycles in F (see Table II). 
Observation B. By inequality (l), (V(C,)), has exactly [k2/4] + 1 edges 
for any cycle C, in F. We have just shown that 3 Q k < 6 so, by Lemma 1 
and the remark following it, (V(C,)), g Hk, where Hk is shown in Fig. 1. 
Observation C. By inequality (2), for any cycle C, in F, G - V(C,) E 
‘T-k. 
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TABLE II 
P (mod 4) 
Possible Lengths 
of Cycles in F 
0 4 
1 3,4,5, or 6 
2 3,4, or 6 
3 3or4 
Observation D. F contains at most one 3-cycle. For suppose F contains 
two 3-cycles: by successively deleting from G the vertices of each of the 
other cycles of F we obtain, according to Observation C, a graph belonging 
to .Yb which has a 2-factor consisting of the two 3-cycles, contrary to 
Lemma 2. 
LEMMA 3. If G E 35; then the cycle sequence of G is 
(4”) ifp = 4n; 
(3,4n-‘) ifp=4n- 1; 
(4”-‘, 6) ifp=4n+2; 
(3,4”-‘,6)or(4”-‘,5) ifp=4n+l,withn>2inthefirstcase. 
Proof. By Lemma 2, the result is true for 3 <p < 6. Therefore, suppose 
p > 7 and let F be the 2-factor of G. The possible lengths of cycles in F are 
given in Table II. 
If p = 4n, all cycles have length 4 and (4”) is the only possible cycle 
sequence. 
If p = 4n - 1, the cycles have length 3 or 4 and at least one has length 3. 
By Observation D, there is exactly one 3-cycle T and, by Observation C, 
G - V(T) E Yd+-4. Thus G - V(T) has cycle sequence (4”-‘) and G has 
cycle sequence (3, 4n-1). 
If p = 4n + 2, the cycles can have length 3,4, or 6. If F contains a 3-cycle 
then, since p is even, it has at least two 3-cycles, contradicting Obser- 
vation D. Therefore F has no 3-cycle. But F must have a 6-cycle, whose 
removal leaves a graph in gd,,-4 with cycle sequence (4”-‘). Thus G has 
cycle sequence (4=-i, 6). 
If p = 4n + 1, the cycles can have length 3,4, 5, or 6. If F has a 6-cycle, 
then the removal of its vertices from G leaves a graph in Yd74n--5 with cycle 
sequence (3,4”-*), so that G has cycle sequence (3,4”-*, 6). If F has a 5- 
cycle, then the removal of its vertices from G leaves a graph in .Ya?4.-4 with 
58 G. R. T. HENDRY 
cycle sequence (4*-l), so that G has cycle sequence (4”-‘, 5). These are the 
only possible cycle sequences of G because, if all cycles in F have length 3 or 
4, then F has at least three 3-cycles, contrary to Observation D. a 
Having found the cycle sequence of G and knowing that the subgraph of 
G induced by the vertices of a k-cycle in F is the graph Hk, all that remains 
is to find out how the vertices in different cycles of F are connected. We first 
consider two cycles. Let (a, b) be any of the ordered pairs (3,4), (4,4), 
(4,5), (3,6), or (4,6). By an (a, b)-configuration we mean a graph in YO+b 
with cycle sequence (a, b). 
LEMMA 4. For (a, b) = (3,4), (4, 4), (4, S), or (3, 6) there is a unique 
(a, b)-configuration. There are exactly two (4,6)-configurations. 
Proof. It is simple to verify that the graphs of Fig. 2 are configurations 
of the specified types. We will show that the (4,4)-configuration of Fig. 2b is 
the unique (4,4)-configuration. The other proofs are similar and are omitted. 
Suppose that K is a (4,4)-configuration. Then K has 18 edges and the 
subgraph of K induced by either of the 4-cycles in the 2-factor of K is H,. 
Label the 4-cycles cyclically u,, v2, vj, vq and wi, w2, wj, w, so that v, vj 
and wi w, are edges of K. In K there must be 8 “connecting edges” from 
vertices in one 4-cycle to vertices in the other. 
Suppose u2w2 E E(K). Observe that in H, there is a hamiltonian path 
from a vertex of degree 2 to any other vertex and that v2 and w2 both have 
degree 2 in their respective copies of H,. Therefore, the presence in K of any 
(a) [b) 
(e) 
FIG. 2. (a) the (3,4)-configuration; (b) the (4,4)-configuration; (c) the (4, 5)- 
configuration; (d) the (3,6)-configuration; (e) and (f) the two (4,6)-configurations. 
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other connecting edge yields either a hamiltonian cycle or a disjoint 5-cycle 
and 3-cycle: in either case, a second 2-factor and a contradiction. Therefore, 
v2w2 is not an edge of K and, by symmetry, neither are v2wq, v4w2, and 
v4w4. 
If no connecting edge of K joins a vertex of degree 2 to a vertex of 
degree 3 then there are at most 4 connecting edges. Suppose then, without 
loss of generality, that vi w4 E E(K). Then edges v4 wr, v4 wj, v2 w,, v2 w3 are 
not edges of K since, if any of them was, K would have a hamiltonian cycle. 
We are left with only 8 possible connecting edges, namely, those connecting 
each of v1 and v3 to each of wr, wz, wj, and w,. Adding all these edges gives 
a graph isomorphic to that of Fig. 2b. 1 
In each of the configurations of Fig. 2, we will say that H, dominates Hb, 
and write H, > H,, if H, is drawn above Hb in the figure. So, for example, 
H, dominates H, but H, may dominate, or be dominated by, H,. 
Let T,, denote the transitive tournament with vertices X, ,..., x, and arcs 
(Xi, xj) if and only if 1 < i <j < n. Let m, ,..., m, be the entries in any of the 
cycle sequences listed in the statement of Lemma 3 ordered so that, if any mi 
is odd, then it is m,. Let G,(m, ,..., m,) denote the graph obtained from the 
transitive tournament T,, by replacing vertex Xi by the graph H,i, 1 < i < n, 
and by replacing the arc (xi, xi) by edges between H,i and H, so that the 
subgraph of G,(m, ,..., m,) induced by V(H,,,,) U V(Hmj) is an (mi, mj)- 
configuration in which H, dominates Hmj, 1 < i <j < n. It follows from the 
ordering of the mi that this graph is well defined. For example, G,(4, 5) is 
the (4,5)-configuration of Fig. 2c. We are now prepared to state and prove 
the main result of this section. 
THEOREM 3. For p > 3, f(p, 2) = [p(p + 1)/4]. Furthermore, the only 
extremal graphs (i.e., graphs in gP) are 
G,(4,..., 4) . ifp = 4n; 
G,,, ,(4,..., 4, 3) ifp=4n+3; 
G,(4,..., 4, 6,4 ,..., 4), where only one entry 
equals 6 and this may occur in any of the 
n positions ifp=4n+2; 
GJ47.7 4, 5) or G,(4 ,..., 4, 6, 4 ,..., 4, 3), where 
in the latter case, n > 2 and the single entry 
equal to 6 may occur in any of thejkst 
n - 1 positions ifp=4n+ 1. 
60 G. R. T. HENDRY 
ProoJ By Theorem 2, f(p, 2) < [p(p + 1)/4]. A straightforward 
induction argument shows that, if G, denotes any of the graphs of order p 
described in the statement of the theorem, then G, E PP. Therefore, 
f(P9 2) = [P(P + lY41. 
It only remains to show that the graphs described are the only members of 
YP. Note that by Observation D and Lemmas 2,3, and 4 we have already 
proved this for 3 <p < 10. Therefore, suppose p > 10 and that G E Y,, has 2- 
factor F. We already know the possible cycle sequences of G (Lemma 3), the 
subgraph of G induced by the vertices in each cycle of F (Observation B), 
and how the vertices in two different cycles of F are connected in G (Obser- 
vation C and Lemma 4). To complete the proof we must determine the 
overall “domination pattern” between the various subgraphs Hi induced by 
the cycles of F. 
First suppose p = 4n. We show by induction on n that 5d;74n = {G,(4,..., 4)}. 
This has been established for n = 1 and 2. Suppose G E g&, (n > 3) and it is 
known that Y&r) = {G,- ,(4 ,..., 4)}. Let Cy’ ,..., CT) denote the 4-cycles in 
the 2-factor of G and let H(‘) ,, ,..., Hy’ denote the corresponding induced 
subgraphs of G. By Observation C, G - V(Cy)) E Y&,+r) and, by the 
inductive hypothesis, G - V(Cy)) E G,- ,(4,..., 4). Suppose, without loss of 
generality, that, in G - V(Cy)), Hf’ > Hf’ for 1 < i < j < it - 1. We know 
that in G for each i, 1 < i < n - 1, either H:” > Hr’ or Hy) > Hy’. Suppose 
that there exist i and j with 1 <j < i < n - 1 such that, in G, H:” > Hy’ and 
H(“’ > H”’ Then in G 4 4 - 3 
H:n’ > H”’ > H”+ I’ 
4 4 > . ..> H”-‘) > H(i) 4 4) 4’ 
@I) 
(6) 
However, in this event, a single cycle of G can be found which contains the 
vertices in all the copies of H4 appearing in (6). This results in a second 2- 
factor of G, a contradiction. Therefore, either Hy) > Hy’ for 1 <j < n - 1, 
or there exists an h, 1 < h < n - 1, such that, for h < i < n - 1, Hr’ > H:” 
and, for 1 <j < h, Hf’ > Hy’. It.follows that G E G,(4,..., 4) and that P4?4n = 
{G,(4,..., 4)). This completes the inductive step and hence the proof in this 
case. 
Suppose p = 4n + 3. In this case, F contains a 3-cycle T and 
G - V(T) E .Y4,,. Therefore G - V(T) E G,(4,..., 4) and, because H, always 
dominates H, , G z G, + 1(4 ,..., 4, 3). 
Suppose p = 4n + 2. Removing from G the vertices of the 6-cycle in F 
leaves a graph in Y4?4n-4, that is, G,-, (4,..., 4). That G has the stated form 
can now be proved by an argument similar to that used in the case p = 4n 
and by recalling that H4 may dominate, or be dominated by, H,. 
Suppose p = 4n + 1. The cycle sequence of G is either (qn-‘, 5) or 
(3,4”-*, 6). Removing from G the vertices of the 5-cycle or the 3-cycle in F 
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leaves, respectively, G,-,(4 ,.,., 4) or G,,-,(4 ,..., 4, 6,4 ,..., 4) and the result 
follows because H, dominates H,, H, dominates H,, and H, dominates 
H,. 1 
4. LARGE VALUES OF k. 
We now considerf(p, k) when k takes its maximum possible values. It is 
trivial to observe that f(p,p - 1) = (;). 
THEOREM 4. For even p > 4, f (p, p - 2) =p(p - 2)/2 + 1. Further- 
more, for each p, the graph Gp, obtained by deleting (p - 2)/2 independent 
edges from the complete graph K,, is the only extremal graph. 
Proof: Let x and y be the two vertices of degree p - 1 in G,. Since every 
other vertex of G, has degree p - 2, G, - xy is the unique (p - 2)-factor of 
G,. Therefore, 
f(PV P - 2) > P(P - 2Y2 + 1. (7) 
To show that equality holds in (7), suppose that G is a graph with p vertices, 
p(p - 2)/2 + t edges (t > 2) and a (p - 2)-factor F. Then G - E(F) z tK, U 
(p - 2t) K, . Let ab and cd be two edges of G - E(F). Then ac, bd E E(F) so 
that F - {ac, bd) U (ab, cd} is a second (p - 2)-factor of G. Therefore, f(p, 
p - 2) <p(p - 2)/2 + 1. Clearly G, is the only (p,p(p - 2)/2 + 1) graph 
with a unique (p - 2)-factor. 1 
THEOREM 5. For p > 6, f (p, p - 3) =p(p - 3)/2 + 3. Furthermore, the 
only extremal graphs are those obtained by deleting from K, the edges of any 
2-regular graph’ of order p - 3. 
ProoJ It is easy to see that any graph obtained from K, as described has 
p(p - 3)/2 + 3 edges and a unique (p - 3)-factor. Therefore, 
f 04p - 3) >P(P - 3)12 + 3. (8) 
To show that equality actually holds here, let G be any graph with p vertices, 
q >p(p - 3)/2 + 3 edges, and a unique (p - 3)-factor F. Let H = G -E(F) 
so that H has at least 3 edges. Since H has maximum degree <2, H is a 
disjoint union of paths and cycles. We complete the proof by showing that H 
has only one nontrivial component, namely C,, since it then follows that 
q =p(p - 3)/2 + 3, that equality holds in (8) and that G is obtained from K,, 
as described. 
Any component of H has at most 3 vertices. For otherwise, H contains a 
path a, b, c, d. Since vertices b and c have degree p - 1 in G, F - {ac, bd} U 
{ab, cd} is a second (p - 3)-factor of G. 
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H has at most 2 independent edges. For suppose ab, cd, and ef are 3 
independent edges in H. Because a has degree at least p - 2 in G, it is 
adjacent to at least one of c and d, say ad E E(G). Then ad E E(F), because 
if ad E E(H) then vertices a, b, c, and d all lie in the same component of H. 
If bc E E(G) then, similarly, bc E E(F) and hence F - {ad, bc} U {ab, cd} is 
a second (p - 3)-factor of G. Therefore, bc 6?? E(G) and both be and cf are 
edges of G and consequently of F. But then F - {ad, be, cf } U {ab, cd, efi is 
a second (p - 3)-factor of G. 
Since H has at most 2 independent edges and at least 3 edges in all, it 
must have a component of order 3. If H has a component of order 3 and 
another nontrivial component then it contains disjoint paths a, b, c and d, e 
of lengths two and one, respectively. We can suppose that ad E E(G) (if not, 
then cd is). Consequently ad, be E E(F) and F - {ad, be} U (ab, de} is a 
second (p - 3)-factor of G. Thus H has exactly one nontrivial component 
which has order 3. Since H has at least 3 edges, this component is C,. i 
5. ON OTHER VALUES OF k. 
First we give some lower bounds for f(p, k) for certain values of p and k. 
For positive integers n and k, construct the graph F(2kn, k) as follows: take 
n disjoint copies of K, + Kk labelled G, ,..., G, and, for each i and j with 
1 < i <j < n, add edges connecting all the vertices of the K, in Gi to all the 
vertices of Gj. (Note that F(2n, 1) is the graph L,, of Theorem 1 and 
F(4n, 2) is the graph G,(4 ,..., 4) of Theorem 3.) It can easily be verified that 
F(2kn, k) has 2kn(2kn + k - 1)/4 edges and has a unique k-factor consisting 
of n disjoint copies of K,,,. Therefore, for positive integers n and k, we have 
f (2kn, k) > 2kn(2kn + k - 1)/4. (9) 
If k <p/2 then any graph obtained from K, by deleting the edges of a 
(k - 1)-regular graph of order p -k has p@ - k)/2 + ($) edges and a 
unique (p - k)-factor. So if k <p/2 and p + (p - k) is even then 
f(p,p-k)>p(p--k)P+ ‘1 . ( 1 (10) 
Let c(p, k) denote the maximum number of edges in a graph of order p 
which has a unique k-factor and this k-factor is connected. In determining 
f(p, 2), the first step (Lemma 1) was to determine c(p, 2). Therefore, it may 
be useful to know the values of c(p, k). In this respect, it is interesting to 
note the unexpected similarity between the graphs HP of Section 3 and L, of 
Theorem 1: in fact, if p = 2n then H,, - va,- 1~zn z L,, z F(2n, 1). 
Motivated by this, for integers n > 2 and k > 1, construct the graph 
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C(2kn, 2k) by taking F(2kn, k) and adding edges connecting all the vertices 
of the Kk in G, to all the vertices of the K, in G,. Then C(2kn, 2k) has a 
unique 2k-factor and this 2k-factor is connected. Therefore, for integers 
n > 2 and k> 1, we have 
c(2kn, 2k) > 2kn(2kn + k - 1)/4 + k*. 
We conjecture that equalities hold in each of (9), (lo), and (11). 
(11) 
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